INTRODUCTION
An evolution equation enjoys a gain of regularity if its solutions are smoother for t > 0 than its initial data. An [Ka] , motivated by work of A. Cohen [Co] , showed that the solutions are Coo for any data in L2 with a weight function 1 + ea ". Kruzhkov and Faminski [KF] related the order of vanishing at infinity of the initial data to the gain of regularity of the solution for
Corresponding work for some special nonlinear Schrodinger equations was done by Hayashi et al. ( [HNT1] , [HNT2] ) and Ponce [Po] . While the proof of Kato appears to depend on special a priori estimates, some of its mystery has been resolved by the recent results of local gain of finite regularity for various other linear and nonlinear dispersive equations due to Constantin and Saut [CS] , Sjolin [Sj] , Ginibre and Velo [GV] and others. However, all of them require growth conditions on the nonlinear term.
In this paper we separate the question of regularity from the question of global existence. We quantify the gain of each derivative by the degree of vanishing of the initial data at infinity. We prove that there is an infinite gain of regularity within the existence interval for solutions with 149 GAIN OF REGULARITY sufficient decay at infinity. We use a technique of nonlinear multipliers, generalizing Kato's original method, together with ideas of Craig and Goodman [CG] . This is true for a general class of dispersive equations, including those of Schrodinger type and KdV type, without any growth conditions on the nonlinear terms.
We limit ourselves in the present paper to a fully nonlinear equation of KdV type in one space dimension. Namely, we consider the equation where f~C~ and
In addition there is a technical hypothesis onfin cases in which it depends explicitly on x and t; these are stated precisely in Section 2.
In order to measure the decay, we use one-sided weight functions w G, k (x) which behave roughly like ~ as jc -~ + oo and like as x ~ -oo, where k >_ 0 and cr > O. That is, they grow to the right and decay to the left. Let Hi (was k) denote the Sobolev space with respect to the measure wa, k (x) dx.
We use the notation Our main result is the following.
Gain of Regularity Theorem
Let u (x, t) be a solution of ( 1 ) in R x (0, T) with uxx, ux and u bounded. Assume that there is an integer K >_ 2 such that Then and for all 0 k K and In the special case k = K, the weight function wu, -1 (x) in (4) is required to be a positive integrable functioh on (0, oo).
Thus we have a gain of K derivatives at the expense of K/2 powers of x as x -~ + oo . By Sobolev's inequality, (5) implies that a4 + k u ~ 2 is bounded in R x (0, T). Since K can be arbitrarily large, we see that the solution is Coo in R x (0, T) if (3) is true for all K.
We also show that the hypotheses of the preceding theorem are satisfied under natural initial conditions. T*). This is one of the results proved by Kato [Ka] for the KdV. (15) . Indeed, letting a (x, t) = a3 f = a3 f (uxxx, . -. , x, t), equation (15) takes the form 3 a ~x -(2 oc -3) ax ~ = r~ . It has a solution Since a (x, t) is bounded below by (Al) and is bounded above by (A3), it follows that ç inherits the properties (6), (7) and (8) (18) and is defined by (17) and depends on n. However the constants cl and c2 in (7) are independent of n. From (14) and (19) (25) Furthermore, by assumption (A2), a2~_ o; thus the first term in the righthand side of (10) (11) 
Similarly ( . To obtain higher regularity of the solution, we repeat the proof with higher derivatives included in the inner product. It is a standard approximation procedure to obtain a result for general initial data.
WEIGHTED SOBOLEV ESTIMATES
In this section we develop a series of estimates for solutions of equation (2.1) Remark. -In case i = 0, the conclusion (2) can be viewed as a generalization of the local gain of regularity results as established by Kato [Ka] , Constantin and Saut [CS] and Ponce [Po] in various special settings.
Proof : -We prove this result by induction on a, As in the proofs of Theorems 2. 1 and 2. 2 we first derive formally some a priori estimates for the solution where the bounds involve only the norms of u in L°° ([o, T], H7 (rR)) and of cp in H7 (Wo i o)-One has to justify these estimates; we do it by approximating u (x, t) by smooth solutions and weight functions by smooth bounded functions.
According to the existence result in Section 3 the solution u (x, t) evolves in L°~ ([0, T]: with N = max (L, 7). In particular, t) is in L~° T]) for 0 _ j _-N -1. To obtain estimates (1) and (2) we use a procedure similar to those presented in Section 2. In the rigorous derivation of these estimates there are two approximations performed; we approximate general solutions by smooth solutions, and we approximate general weight functions by bounded weight functions. The first of these procedures has already been discussed in Section 3, so we will concentrate on the second.
Given a smooth weight function r~ (x) E W6, ~ -1, o with 6 > o, we take a sequence ~s (x) of smooth bounded weight functions approximating 11 (x) from below, uniformly on any half line ( -~ (5)- (7) with (4) (8) remains true in the limit for b -~ 0.
To prove the a-th induction step we start from formula (2. 14) with 11 and § given by ~03B4 and 0 3 B E 0 3 B 1 , 0 3 B 4 = 0 3 B E 0 3 B 4 . By the same method, using the standard interpolation one proves.
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